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ABSTRACT 

Consider  the  problem  of  estimating  the  timing  and  magnitude  of  peak  sales 
for  a  new  consumer  durable  product  which  is  infrequently  purchased  and  initial- 
ly has  few  replacement  purchases  (as  compared  to  initial  purchases) .   In  such 
a  case  typically  the  sales  rate  climbs  to  a  peak  over  a  period  of  years  and 
then  declines  somewhat,  with  replacement  purchases  becoming  a  larger  component 
of  total  sales  and  initial  purchases  correspondingly  declining.   A  good  estimate 
of  the  magnitude  of  the  peak  sales  rate  is  a  critical  input  to  production  capacity 
expansion  planning,  while  a  good  estimate  of  the  timing  of  the  peak  sales  rate 
is  critical  to  proper  control  of  inventories  as  sales  attains  and  passes  its 
peak  rate.   We  explore  a  model  proposed  by  Bass  for  this  situation,  pointing 
out  a  possible  shortcoming  and  suggesting  a  modification  of  his  model  which  in- 
volves a  decision- theoretic  approach. 
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I .   INTRODUCTION 

Consider  a  new  consumer  durable  product  such  as  color  television  in  the 
early  and  mid  1960's.   Based  on  past  experience  with  consumer  durable  products, 
one  expects  that  the  product  will  reach  a  peak  sales  rate  followed  by  a  decline. 
Initially,  and  through  the  peak  sales  period,  most  of  the  purchases  will  be 
initial  purchases  by  households  which  previously  did  not  own  the  product.   Sub- 
sequently, however,  replacement  purchases  will  be  made,  and  eventually  most  sales 
will  be  either  replacement  purchases  or  initial  purchases  for  newly-formed 
households. 

This  general  pattern  has  existed  for  a  considerable  number  of  consumer 
durables,  both  high-priced  and  low-priced  (see  [1]).   Given  an  expectation  that 
the  pattern  is  likely  to  be  followed  for  new  consumer  durables  (such  as  color 
television),  three  important  quantities  require  estimation: 


* 
T  =  time  of  peak  sales  rate 

S(T  )  =  magnitude  of  peak  sales  rate 

m  =  total  number  of  initial  purchases  over  the  life  of  the 
product. 


For  production  capacity  expansion  planning,  the  magnitude  of  the  peak  sales 

* 
rate  is  critical;  overestimation  of  S(T  )  can  lead  to  excessive  capacity, 

while  underestimation  may  produce  a  reduced  market  share  and/or  uneconomic 
production  costs.   Similarly,  the  timing  of  the  peak  sales  rate  is  important 
for  intermediate- term  inventory  planning  decisions;  one  would  prefer  to 
avoid  excessive  inventories  in  the  distribution  system  particularly  when 
the  sales  rate  begins  to  decline.   Finally,  an  estimate  of  total  initial 
purchases  is  required  to  evaluate  long-term  expected  profitability  of  the 
product. 
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Both  the  timing  and  the  magnitude  of  peak  sales  will  be  affected  by 
the  marketing  strategy  followed  by  the  competitors  in  the  industry  (e.g., 
see  [9],  p.  491).   At  the  time  of  introduction,  however,  the  marketing 
strategy  of  the  industry  cannot  be  known  with  certainty.   The  approach  dis- 
cussed here  abstracts  from  these  decisions  and  essentially  assumes  an  under- 
lying "reference"  marketing  strategy  in  terms  of  price  levels,  advertising 
expenditures,  quality  levels,  and  distribution  channels. 

Previous  Research 

Previous  research  into  this  problem  area  can  be  divided  into  two  cate- 
gories:  Those  models  which  attempt  to  fit  the  pattern  described  above  with- 
out explicit  behavioral  assumptions,  and  those  models  which  are  derived  from 
explicit  behavioral  assumptions.   In  the  former  case  the  Lognormal  [5]  and 
other  [7]  distributions  have  been  fitted  to  empirical  data,  with  varying  re- 
sults.  In  the  latter  case  Bass  [1]  has  recently  formulated  a  model  whose 
theoretical  antecedents  include  work  on  adoption  and  diffusion  of  innovations 
[4,  8],  learning  models  [3]^  and  the  mathematical  theory  of  contagion,  used 
widely  in  the  theory  of  epidemiology  [2].  Under  the  general  precept  that  it 
is  more  fruitful  to  study  explanatory  models  as  opposed  to  curve-fitting 
models,  we  confine  the  remainder  of  our  discussion  and  analysis  to  Bass's  work. 
Bass's  model  has  also  been  applied  by  Nevers  [6]  to  other  consumer  durable 
products  and  also  to  other  types  of  activities  such  as  retail  services,  in- 
dustrial products,  and  agricultural  products.   Our  comments  concerning  esti- 
mation of  the  timing  and  magnitude  of  peak  sales  are  also  relevant  to  Nevers' 
work. 
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II.   BASS'S  MODEL  FOR  NEW  PRODUCT  GROWTH 

We  will  present  an  abbreviated  discussion  of  Bass's  model  here  for 
reference.   The  reader  is  referred  to  [1]  for  a  complete  description  of 
Bass's  model.   In  [1]  Bass  sets  forth  the  basic  assumption  of  his  model: 
"The  probability  that  an  initial  purchase  will  be  made  at  T  given  that  no 
purchase  has  yet  been  made  is  a  linear  function  of  the  number  of  previous 
buyers."   [1,  p.  216].   Thus  one  may  write: 

(1)   P(T)  =  p  +  (q/m)Y(T), 

where  P(T)  is  the  conditional  probability  of  (initial)  purchase  given  no 
previous  purchase,  Y(T)  is  the  number  of  previous  buyers  at  time  T,  and  p 
and  q/m  are  constants.   The  parameter  p  represents  the  probability  of 
(initial)  purchase  when  there  are  no  previous  buyers,  and  thus  it  reflects 
the  importance  of  so-called  "innovators".   The  second  parameter  (q/m)  rep- 
resents the  importance  of  so-called  "imitators".   Again,  m  represents  total 
initial  purchases  over  the  life  of  the  product. 

Working  solely  from  equation  (1)  above,  Bass  derives  the  following  equa- 
tion in  S(T),  sales  at  T  (for  details  see  [1]): 


(2)   S(T)  =  pm  +  (q  -  p)Y(T)  -  (q/m)[Y(T)]^ 


Moreover,  it  is  possible  to  solve  the  differential  equation  implied  by  (2) 
explicitly  for  S(T)  as  a  function  of  time  and  the  three  parameters  p,  q,  and  m; 


Since  the  quantity  Y(T)  will  range  from  0  to  m  it  is  reasonable  to  para- 
meterize the  slope  coefficient  as  q/ra. 


(3)   S(T)  =  (-H(£±a)!)(3-(p+q)T/^(q/p)^-(p+q)T  ^  ^^2^ 


Finally,  (3)  may  be  differentiated  to  obtain  the  timing  T*  of  peak  sales  and 
the  magnitude  S(T  )  of  peak  sales: 


(4)   T*  =  (l/(p+q))  log^(q/p), 


(5)   S(T*)  =  (m(p+q)^/4q. 


In  order  to  work  with  annual  data,  the  following  discrete  version  of  equation 
(2)  is  presented: 


(6)   S^  -  pm  +  (q-p)Y^_^  -  (q/m)tY^_^]' 


or 


S^  =  a  +  bY^_^  +  c[Y^_^]2 


in  which  S  represents  the  sales  rate  at  time  T,  Y  represents  cumulative 
sales  up  to  time  T-1,  and  regression  coefficients  a,  b  and  c  can  be  used  to 
estimate  (pm) ,  (q-p)  and  (-q/m)  respectively.   It  can  be  shown  that 


(7)   m  =  (-b  -Vb^  -  4ca/2c), 


(8)   p  =  a/m. 


and 


(9)   q  =  -mc. 


auuuax  estimated  by 

Also,  the  maximum  magnitude  of /sales  in  the  discrete  case  (6)  is  /   the  maximum 

the    rate  ^ 

magnitude  of /sales /in  the  continous  case,  S(T  ),  as  given  in  (5)  above.  The  quantity 

* 
T  from  (4)  approximates  the  time  period  in  which  maximum  sales  occur,  the  dis- 
crepancy being  due  simply  to  the  discreteness  involved. 


III.   PREVIOUS  STATISTICAL  RESULTS 

Bass  applied  equation  (6)  to  annual  sales  data  for  eleven  consumer  durable 

products,  restricting  his  analysis  to  the  years  in  which  replacement  purchases 

2 
were  not  a  major  source  of  sales.   The  lowest  R  was  .576  and  most  were  .88 

or  higher,  with  sample  sizes  ranging  from  10  to  21  years;  thus  a  reasonable 

fit  was  obtained.   In  each  case  the  parameter  estimates  (p,  q  and  m)  were  of 

appropriate  (+)  sign. 

2 
Nevers  [6]  applied  equation  (6)  to  14  activities;  his  R  values  ranged 

from  .12  to  .92,  with  9  out  of  14  above  .60.   In  all  cases  but  one  the  parameter 
estimates  were  plausible   (growth  data  for  Ramada  Inns  produced  a  positive 
value  for  c  =  -q/m;  Nevers  explains  that  this  was  expected  due  to  the  irregu- 
larities in  the  Ramada  Inns  data) . 

*        * 
Concerning  estimation  of  T  and  S(T  ),  the  timing  and  magnitude  of  peak 

sales,  Bass  states  (and  Nevers  quotes  Bass)  as  follows:   "...the  regression 

equation  provides  a  very  ^ood  fit  with  respect  to  both  the  magnitude  and  the 

timing  of  the  peaks  for  all  of  the  products".   [1,  p.  220.]   However,  he  points 

out  that  since  actual  sales  peaks  had  occurred  by  the  end  of  his  data  series 

in  each  case. 


"The  performance  of  the  regression  equation  relative  to  actual 
sales  is  a  relatively  weak  test  of  the  model's  performance  since  it 
amounts  to  an  ex  post  comparison  of  the  regression  equation  [sales] 
estimates  with  the  data.   A  much  stronger  test  is  the  performance  of 
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the  basic  model  with  time  as  the  variable  and  controlling 
parameter  values  as  determined  from  the  regression  esti- 
mates. ..the  model  provides  good  predictions  of  the  timing 
and  magnitude  of  the  peaks  for  all  eleven  products  tested." 
[1,  pp.  221-222]  [Brackets  added.] 

While  we  agree  fully  with  Bass's  first  sentence  above,  we  feel  that 
estimating  relevant  parameter  values  and  then  comparing  model-generated 
values  for  T  and  S(T  )  against  actual  values  does  not  add  to  the  test 
very  much,  since  all  the  ex  post  data  are  used  to  estimate  the  parameters 

of  the  model.   However,  we  must  all  agree  that  if  such  a  model  is  to  be 

*        * 
of  use  in  estimating  T  and  S(T  )  for  new  consumer  durable  products,  it 

must  be  able  to  make  reasonable  estimates  without  hindsight,  i.e.,  with- 
out waiting  until  the  peak  sales  period  has  passed.   The  remainder  of  the 
paper  is  addressed  to  this  point. 

IV.   ESTIMATING  IN  REAL  TIME  WITH  LIMITED  DATA 

Ideally,  one  would  prefer  a  model  w'lich  provided  good  and  improving 
estimates  of  T  and  S(T  )  after  just  a  few  priods  of  sales  data,  long  be- 
fore  the  time  T  was  expected  to  occur.   From  this  point  of  view  the  analy- 
sis  of  a  model's  estimating  ability  with  regard  to  T  and  S(T  )  would  in- 
volve fitting  the  model  to  early  sales  data,  generating  parameter  esti- 

estimates 
mates,  using  those  parameter/to  predict  the  timing  and  magnitude  of  peak 

sales,  and  updating  those  estimates  each  additional  period  through  time. 

Analysis  of  forecast  errors  from  each  point  in  time  would  indicate  the  a- 

mount  of  forecast  error  associated  with  limited  amounts  of  data,  and  the 

pattern  of  improvement  in  estimates  through  updating  would  indicate  the 
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general  rate  of  resolution  of  uncertainty  over  time. 

In  order  to  study  Bass's  model  in  this  manner  we  selected  two  of  his 

eleven  products  (home  freezers  and  electric  blankers)  and  fitted  his  model 

2 
after  n  =  7  years  of  sales  and  after  n  =  9  years  of  sales.   Figures  1 

through  4  below  contain  the  actual  sales  of  these  products,  and  the  Bass 
forecasts  of  future  sales  made  after  n  =  7  or  n  =  9  years.   (Disregard  the 
other  lines  in  the  figures  for  now.)   The  Bass  forecast  line  also  estimates 
the  timing  and  magnitude  of  peak,  sales;  these  quantities,  for  each  predic- 
tion point,  are  displayed  in  Table  1. 


2 
We  obtained  data  from  the  sources  listed  in  [1] 
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(Forecasts  After  7  Observations) 
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Figure    2 


HOME  FREEZERS 
(Forecasts   After  9  Observations) 
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Table  1 


(OOO's) 


BASS  ESTIMATES  OF  TIMING  AND  MAGNITUDE  OF  PEAK  SALES 


Product: 

Home  ] 

Freezers         , 

Electric 

Blankets 

Timing  of 
Peak  (T*) 

Magnitude  of 
Peak  (S(T*)) 

Timing  of 
Peak  (T*) 

Magnitude  of 
Peak  (S(T*)) 

Bass  Estimate: 
n=7  yrs'  data 

1958 

1910 

1953 

825 

Bass  Estimate: 
n=9  yrs'  data 

1953 

1100 

1963 

1760 

Actual  Values 

1959 

1200 

1963 

5500 

From  Figure  1  it  is  evident  that  based  on  only  7  observations,  the 
Bass  model  for  Home  Freezers  estimates  the  timing  of  peak  sales  quite 
well  but  the  magnitude  quite  poorly.   As  two  more  years'  data  are  added 
(Figure  2),  the  magnitude  estimate  becomes  much  more  appropriate  but  the 
timing  estimate  becomes  significantly  worse;  moreover,  total  cumulative 
sales  error  is  large.   Concerning  Electric  Blankets,  estimates  of  timing 
and  magnitude  as  of  n  =  7  years'  data  are  quite  poor;  when  n  =  9  the  timing 
estimate  becomes  quite  accurate  but  the  magnitude  estimate  is  still  seri- 
ously in  error.   In  both  these  cases,  cumulative  sales  error  is  again 
large.   Thus,  when  estimates  of  timing  and  magnitude  are  made  with  only 
limited  data  available,  the  errors  in  one  or  both  of  these  estimates  may 
be  substantial. 
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V.    IMPROVING  THE  ESTIMATES:   A  DECISION  THEORETIC  APPROACH 

What  can  be  done  to  improve  the  estimates  obtained  from  Bass's  model 
fitted  to  early  sales  data?  We  suggest  that,  considering  the  three  para- 
meters p.  q,  and  m,  it  should  be  possible  for  the  decision-maker  to  esti- 
mate a  range  of  values  for  m  which  he  considers  reasonable.  Recall  that  m 
represents  the  total  number  of  initial  purchases  over  the  life  of  the  pro- 
duct. Bass  states  that  "...The  parameter  for  which  one  has  the  strongest 
intuitive  feeling  is  m."  [1,  p.  226].  Carrying  this  concept  further,  we 
recommend  that  the  decision-maker  subjectively  specify  three  or  four  values 

of  m  which  delineate  the  range  of  total  initial  sales  which  fits  his 

3 
a  priori  judgement.   Then  equation  (6)  may  be  rearranged  to  produce: 

(10)   S^  =  p[m  -  Y^_^]  +  q[Yj_j^  -  (Y^_^)^/m]. 

In  the  form  of  (10),  the  remaining  parameters  p  and  q  may  be  estimated  directly _, 
when  m  takes  on  specific  predetermined  values  in  turn.   This  procedure  could 
be  refined  to  allow  for  probabilities  of  various  values  of  m;  we  have  limited 
our  analysis  to  a  discussion  of  results  conditional  on  separate,  individual 
values  of  m. 

The  results  of  conditioning  on  present  values  of  m  are  contained  in  the 
lines  labelled  (m  =  15),  (m  =  20)  and  (m  =  25)  in  Figures  1  and  2,  and  cor- 
responding lines  in  Figures  3  and  4.   We  present  no  particular  logic  for  the 
ranges  considered.   They  were,  frankly,  our  estimates  of  the  ranges  of  total 
initial  sales  for  the  two  items  when  we  tried  to  ignore  the  sales  data  and 
think  simply  in  terms  of  the  number  of  households,  the  cost  of  the  product, 
and  its  expected  popularity. 

For  Figures  1  and  2  (Home  Freezers),  it  is  interesting  to  note  that  the 


3 
Marketing  managers  are  accustomed  to  thinking  in  these  terms.   To  them,  m  is 

the  "total  market  potential"  and  they  frequently  assign  a  subjective  range 

for  m. 
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Bass-estimated  sales  curve  for  n  -  7  lies  above  all  three  of  our  curves, 
while  for  n  =  9  years'  data  it  lies  below  all  three.   Bass  states  that 

"...An  examination  of  the  parameter  values  implied  by  early 
sales  of  the  other  products  analyzed  in  this  paper  indicates  that 
in  some  instances  these  are  remarkably  close  to  the  regression 
estimates,  while  in  others  they  differ  markedly.   In  every  instance 
in  which  the  early  year  estimates  differ  substantially  from  the 
regression  estimates,  these  estimates  are  easily  rejected  on  the 
basis  of  the  implausibility  of  the  implied  value  of  m."   [1,  p.  226.] 

Although  Bass  does  not  present  the  detailed  results  of  his  analysis  using 
early  sales,  the  above  quotation  would  imply  that  Figure  1  would  perhaps  be 
tolerated,  while  Figure  2  (2  years  later)  would  not  be,  because  it  implies 
an  unusually  low  value  for  m.   Concerning  Figures  3  and  4  (Electric  Blankets), 
Figure  3  would  be  rejected  because  of  the  very  low  value  implied  by  m,  and 
Figure  4  would  likely  be  dealt  with  similarly.   Our  suggestion,  then,  is  simply 
that  instead  of  rejecting  the  model  completely  when  such  situations  occur, 
adapt  the  model  by  prespecifying  values  of  m  which  seem  plausible,  allowing 
the  model  to  conditionally  t^.stimate  p  and  q  and  thereby  the  timing  and  magni- 
tude of  peak  sales,  conditional  on  the  value (s)  of  m  prespecified. 

A  further  benefit  of  the  approach  is  its  explicit  exploration  of  sensitivity 
to  various  estimates  of  m,  both  in  the  timing  estimate  and  the  magnitude  estimate. 
For  example,  both  timing  and  magnitude  of  peak  sales  of  Home  Freezers  are  quite 
sensitive  to  changes  in  m,  whereas  for  the  range  of  values  of  m  considered  for 
Electric  Blankets,  the  sensitivity  is  small.   Unfortunately,  even  though  our 
estimates  for  this  m  were  significantly  larger  than  the  estimates  obtained  from 


16. 

fitting  Bass'  model  directly,  they  were  still  much  lower  than  the  m  which 
materialized.   We  cannot  guarantee  that  our  suggested  procedure  will  not 
result  in  similar  errors  for  other  products. 

VI.   APPLICATION  TO  COLOR  TELVEVISION 

Some  of  the  issues  raised  above  are  considered  by  Bass  in  his  analysis 

of  color  television  sales.   At  his  writing,  three  years  (1963  -  1965)  of 

4 
appropriate  data  were  available.   After  a  minor  adaptation  of  his  model  is 

completed  ,  he  obtains  parameter  estimates  of  appropriate  sign,  with  m  esti- 
mated at  37.4  million  units,  and  a  (correct)  timing  prediction  that  sales 
will  peak  in  1968.   His  predicted  magnitude  of  peak  sales  is  6.7  million, 
which  turns  out  to  be  low  by  1.3  million  units. 

Presumably,  using  the  Bass  model  directly,  one  would  update  parameter 
estimates  as  each  new  year's  sales  became  available,  thus  enabling  one  to 
also  update  the  estimates  of  timing  and  magnitude  of  peak  sales.   With  this 
in  mind,  we  fitted  Bass'  model  to  five  data  points  (1963  -  1967),  six 
(1963  -  1968),  and  seven  (1963  -  1969);  see  Figures  5-7.   Based  on  five 
data  points,  direct  fitting  of  Bass'  model  produced  a  positive  value  for  c, 
which  makes  no  sense.   At  this  point,  instead  of  discarding  the  model,  we 
subjectively  estimated  some  values  for  m  (40,  50,  60  and  70  million  units) 
and  fitted  the  model  of  equation  (10),  producing  the  four  forecast  lines  on 
Figure  5  so  labelled.   The  same  procedure  was  followed  for  Figures  6  and  7. 


4 
Bass  used  Manufacturers'  Shipments  of  Color  TV's. 

The  shift  from  the  continuous  model  of  equation  (2)  to  the  discrete  model 
of  equation  (6)  creates  a  minor  bias  which  must  be  corrected  for  when  n 
is  very  small;  see  [1,  p.  223]. 
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Firrtire   5 


COLOR  TV 
(Forecasts  After  5  Observations) 
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(Forecasts  After   6  Observations) 
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COLOR  TV 
(Forecasts  After  7  Observations) 
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It  is  difficult  to  state  categorically  that  the  procedure  involving 
subjective,  exogenous  estimates  of  m  provides  uniformly  better  information 
than  the  direct  fitting  of  Bass'  model  in  all  cases.   However,  the  two  ap- 
proaches taken  together  seem  to  provide  better  results  than  the  direct  Bass 
model  alone.   Also,  comparing  Figures  5-7  with  Bass'  results  for  only  three 
years'  data,  it  would  appear  that  the  results  of  the  model  for  the  first  three 
years'  data  were  coincident ally  close  to  the  actual  timing  of  peak  sales, 
while  for  five  and  six  years'  data  the  fit  is  not  nearly  as  good.   Thus  Bass' 
initial  results  in  [1]  describing  the  excellent  performance  of  his  direct 
model  on  this  new  product  must  be  viev<7ed  as  somewhat  overstated. 

Conclusion 

Bass  has  formulated  a  model  of  the  sales  growth  process  which  builds 
upon  the  theory  of  innovation  and  imitation.   He  has  fitted  the  model  to  eleven 
consumer  durables,  and  Nevers  has  fitted  the  same  model  to  14  products  in 
broader  categories,  both  with  reasonable  ex  post  success.   This  paper  indicates 
that  when  the  model  is  used  with  limited  data  for  long-range  forecasting  of 
timing  and  magnitude  of  peak  sales,  the  accuracy  of  the  ex  post  fits  cannot 
generally  be  obtained.   However,  rather  than  discarding  the  approach  completely, 
we  suggest  that  the  decision-maker  subjectively  determine  a  range  of  estimates 
for  m,  the  number  of  total  initial  purchases  of  the  product  over  its  life, 
and  then  fit  the  remainder  of  the  model  to  the  limited  data  available.   Even 
when  parameter  estimates  are  of  the  correct  sign,  a  combination  of  direct  fit- 
ting and  conditional  fitting  should  provide  more  information  than  that  obtained 
by  direct  fitting  alone,  particularly  with  regard  to  sensitivity  of  the  estimates 
for  timing  and  magnitude  of  peak  sales.   None  of  this  is  meant  to  detract  from 
the  important  model  proposed  by  Bass  and  studied  by  him  and  Nevers.   Rather, 


21. 

it  is  an  attempt  to  point  out  a  possible  shortcoming  of  the  model  when  used 
for  estimating  purposes,  and  indicate  one  approach  for  dealing  with  the 
problem. 
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